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Abstract
The design of a muon storage ring for a neutrino factory is described.
It operates at 50 GeV and has a triangular shape. It sends neutrino beams
from two long straight sections with a small muon beam divergence to
two distant detectors at 1000 and 3000 km distance. It is designed for a
normalised emittance of about 1.67 mm and an rms momentum spread of
0.5%. The procedure for arriving at the parameters of the optical modules
and of the whole storage ring and their values are given. The verification
of the optical design includes tracking many thousands of muons for their
lifetime, and demonstrates that the dynamic aperture is larger than the
physical one. The parameters of the fast injection kickers and of the RF




This report describes the design of a 50 GeV muon storage ring that is part of the
ongoing study of a neutrino factory in Europe [1]. The Neutrino Oscillations Working
Group developed a set of parameters for such a neutrino factory that are desirable
from the point of view of neutrino oscillation physics [2]. The upper part of Tab. 1
displays them. The lower part shows the accelerator physics parameters of the muon
storage ring whose goal it is to achieve the desired physics parameters. Parameters
of a 30 GeV muon storage ring were given earlier [3]. A feasibility study of another
neutrino factory is currently under way at Fermilab [4]. Its 50 GeV muon storage ring
has somewhat different parameters [5].
Table 1: CERN Muon Storage Ring Parameters
Design momentum 50 GeV/c
Muon fluence 1014 s−1
Distances to far neutrino detectors 1000 & 3000 km
Vertical slopes −78.6 & −237.9 mr
Normalised divergence at  0.1
Configuration Triangle
Normalised emittance at  1.667 mm rad
Aperture limit 3
Frequency of RF system 352.209 MHz
Bunch spacing multiple of 0.851178 m
Relative RMS momentum spread 0.005
The muon fluence is the rate at which muons arrive in the muon storage ring.
The fraction of muons that decay in the straight section(s) pointing towards distant
detector(s) is less than unity, and determined by the geometry of the muon storage ring.
In a spherical Earth model with circumference 4  107 m, the distances to the detectors
determine the vertical slopes of the long straight sections pointing at the detectors.
With the usual relativistic factor γ of the stored muons, the normalised divergence γ0
is the ratio of the physical rms divergence 0 and the typical opening angle 1=γ of the
decay neutrinos in the straight section(s) pointing towards distant detector(s).
The normalised emittance is a design goal. Detailed simulations by our colleagues
in the US have not yet demonstrated a practical scheme that achieves cooling down
to twice our normalised emittance. The aperture limit at three rms beam radii is tight.
However, there are many aperture limits in upstream modules, making it unlikely that
many muons with larger amplitudes will arrive in the muon storage ring.
I assume that an RF system is installed, equipped with super-conducting LEP cav-
ities. This determines the frequency and the bunch spacing. I need an assumption on
the rms momentum spread in order to determine the aperture of the storage ring.
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2 GEOMETRY
In order to achieve a high fraction of muons that decay in the straight section(s) point-
ing towards distant detector(s) the fraction of the circumference occupied by these
straight sections should be large, and the fraction occupied by the arcs joining them
should be small. Sending neutrinos to two detectors at different distances implies two
long straight sections pointing downwards from the surface of the Earth.
Thus, the natural choice is a bow-tie shape, with the two detectors in opposite
directions and the muon storage ring in a (nearly) vertical plane. The two long straight
sections cross at an angle equal to the sum of the two initial slopes. If this sum is
small, long straight sections and compact arcs fit together well. The vertical bow-tie
shape has the disadvantage that the floor of the tunnel turns into the ceiling along the
arcs, and vice versa. This complicates installation of and access to the storage ring
components through much of the arcs, and most likely increases their cost. For me,
these reasons are enough to reject the vertical bow-tie shape.






Figure 1: Projection of the muon storage






Figure 2: Vertical position y along the cir-
cumference of the muon storage ring
Keeping the muon storage ring in a nearly horizontal plane implies that the di-
rections towards the two detectors are at approximately right angles. In this case, a
triangular shape with two long straight sections pointing downwards towards the de-
tectors, and a third long straight section pointing upwards to close the ring, is more
attractive than a bow-tie shape. This is so because with the triangular shape one can
still have long straight sections and compact arcs, while with the bow-tie shape with
long straight sections crossing at a large angle implies long arcs.
In order to be specific, I assume that the muon storage ring has the shape of an
equilateral triangle with rounded corners. It is easy enough to adapt the exact shape
later, once the geographical positions of the muon storage ring and the two detectors
are known. Verdier has proposed a different triangular shape [6]. Fig. 1 shows the
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projection of the muon storage ring on a plane tangent to Earth. The reader can verify
that the projection is not an equilateral triangle. Fig. 2 shows the vertical position y
along the circumference of the muon storage ring. The origin of y is arbitrary. The
total height of the muon storage ring, less than 250 m, is smaller than the thickness
of the molasse near the CERN site, and one of the factors influencing the length of
the long straight sections. Fig. 3 shows the pitch angle , and Fig. 4 the roll angle  
along the circumference of the muon storage ring. I use the MAD definitions [7] for
these angles. The pitch angles in the first two straight sections are 1 = −78:6 mr and
2 = −237:9 mr, respectively, by design. The pitch angle in the third straight section
3 = +319:6 mr is the result of a calculation. The roll angle  does not vanish in the
straight sections. Both pitch and roll angle vary rapidly in the arcs. Tab. 2 shows the







Figure 3: Pitch angle  along the circum-







Figure 4: Roll angle  along the circum-
ference of the muon storage ring
Table 2: Range of vertical levels y of the three arcs. The origin of y is arbitrary.
Number 1 2 3
Top −45.211 −202.376 +0.861 m
Bottom −73.918 −216.180 −21.530 m
3 OPTICAL MODULES
The optical design of the muon storage ring is very modular, and consists of the fol-
lowing modules that will be discussed in detail below:
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 FODO cells in the arcs
 Dispersion suppressors at either end of the arcs, consisting of two FODO cells
with the same focusing as the arc cells, but modified bending
 Standard long straight section FODO cells in two of the long straight sections,
and modified long straight section FODO cells in the third long straight section
 Matching cells between dispersion suppressors and long straight sections
I call the triangular shape and the ensemble of choices leading towards the modules
my style of muon storage ring design, and implement it in two steps. The first step
in Mathematica [8] leads to the thin-element solutions for all modules – except the
matching cells – that are the input data for a matching program such as MAD [7]. The
ingredients of the first step are the choice of the muon beam parameters momentum,
normalised emittance and relative momentum spread, the choice of the magnetic el-
ements, i.e. dipoles in the arcs with a given magnetic field that are not longer than
some given length, and quadrupoles with a given field at the yet unknown radius of
the vacuum chamber. The design procedure is embedded in a Mathematica notebook
that in turn makes use of Mathematica packages that contain the rules leading from the
concept to parameters, and eventually fill in the MAD data. The second step in MAD
starts with the finite-element matching, and continues up to and including dynamic
aperture studies by tracking.
I had already used this approach [9] for the design of the racetrack muon storage
ring [3]. Since then, I have separated more clearly what is done by Mathematica and
what is done by MAD. Mathematica now writes a very short file that contains only
the definitions of several variables which I use in the MAD data. The latter read these
definitions. My style of muon storage ring design is coded into the MAD data, which
are what I call essentially number free. Numbers only appear as integer repetition
factors, because MAD does not allow them to be defined in terms of expressions.
Parameter searches, answering questions such as “What happens to the arc parameters
when the dipole field changes?” are done inside Mathematica . MAD runs only happen
once I have homed in on plausible sets of input parameters.
3.1 FODO Cells in the Arcs
The input parameters for the design of the arc cells are the dipole field, the quadrupole
field at the aperture radius, the maximum length of a dipole, the number of dipoles in
a half cell, and the free space, i.e. the space in a half cell not occupied by dipoles and
quadrupoles. I use a rather conservative dipole field, hoping that quadrupoles with this
field can be built economically with a single-layer coil. The quadrupole field at the
edge of the aperture is lower than the dipole field, because of the W tungsten shielding
between the vacuum chamber and the super-conducting coil. I find that the length of
the quadrupoles is pretty small. I assume that the vacuum chamber is round, although
an elliptical chamber with a smaller height would also work. I use are relative small
maximum length of the dipoles in order to have tight focusing and a small dispersion.
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Tabs. 3 and 4 show the geometrical and optical parameters of the arc cells, respec-
tively. Fig. 5 shows their optical functions. An engineering study of the packaging
of dipoles and quadrupoles in cryostats, bearing in mind the pitch and roll angles dis-
cussed earlier, and a cost estimate are needed before another round of studies of the
arc cells.
Table 3: Geometrical Parameters
Dipole field 6 T
Quadrupole field 3 T
Max. dipole length 3 m
No. of arc periods 30
Arc period length 9.703 m
Dipoles per half cell 1
Dipole length 2.911 m
Bending angle 209.4 mr
Bending radius 27.797 m
Average radius 46.328 m
Sagitta in dipoles 0.038 m
Table 4: Optical Parameters
Phase advance/2 0.25
Arc tune 7.5
Maximum -function 16.56 m
Maximum dispersion 1.375 m
Unnormalised emittance 3.52 m
RMS beam radius 10.28 mm
Vacuum chamber radius 30.83 mm
Max. half mom. spread 0.0224
Focal length of quadrupoles 3.431 m
Quadrupole length 0.500 m
Free space in half period 1.441 m
0.0 1. 2. 3. 4. 5. 6. 7. 8. 9. 10.
s (m)
Triangular 50 GeV 15mm 6T .5 percent muSR lattice for nu factory
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Figure 5: Optical Functions of Arc Cells. Note the suppressed zero on the ordinates.
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3.2 Dispersion Suppressors
In order to reduce the dispersion and its derivative to zero in the long straight section,
I replace one arc cell at either end of the arcs by two dispersion suppressor cells each
with modified bending, but the same focusing and period length. In thin-element ap-
proximation, neglecting the edge focusing in the dipoles, the average bending in the
dispersion suppressor cell is one half of that in an arc cell, while the distribution be-
tween the two dispersion suppressor cells depends on the phase advance [10]. For
finite-length elements, neither is true, and MAD does the matching. I have set up the
data such that the total bending angle is 2, although all the bending angles change.
I haven’t bothered to change the length of the dipoles in the dispersion suppressors,
although their field is only about half that of the arc dipoles.
3.3 Long Straight Section Cells
The input parameters for the design of the long straight sections are the total and the
period length, the quadrupole field at the aperture radius, and the normalised diver-
gence. The total length of the straight section has to be a multiple of the period length
there. Long periods have the advantage that the lever arm for injection is long, and
that the number of components in the long straight sections is small. Normalised di-
vergence and period length yield the phase advance, the -functions, and the focal
length of the quadrupoles. These quantities together with the emittance yield the rms
beam radius, aperture radius and length of quadrupoles. Since the quadrupole field
is low, permanent-magnet quadrupoles look very attractive [11]. There need not be
any power and interlock cables for active quadrupoles. Water cooling would only be
needed for the power in the charged muon decay products. Tab. 5 shows the param-
eters and Fig. 6 the -functions of the long straight section cells. Fig. 7 shows the
normalised divergence γ0 in the whole long straight section, including the adjacent
matching cells. It demonstrates that γ0 has the design value in the long straight sec-
tion cells proper, but larger values in the matching cells at either end. Local minima of
γ0 occur in all quadrupoles. The plot shows them in those quadrupoles that are split
into two halves, but not in the others.
I use the third long straight section for fine adjustments of the tunes. Their frac-
tional parts are the same as in the LHC. The geometrical layout is identical to that in
the other two long straight sections, but the phase advance and quadrupole gradients
in the cells are changed.
3.4 Matching Cells
The matching cells match the  and  functions between the dispersion suppressors
and the long straight section cells. To satisfy these four conditions, I use four vari-
able quadrupoles, labelled Q1M to Q4M, with three fixed drift spaces between them.
At the beginning, their lengths were all arbitrarily set to 1 m. When tracking with
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Table 5: Long Straight Section Parameters
Length of cells 125 m
Quadrupole field 0.5 T
Phase advance in cells 0.1201
Maximum -function 249.7 m
Minimum -function 115.3 m
Maximum RMS beam radius 29.7 mm
Aperture radius 89.0 mm
Focal length of quadrupoles 84.8 m
Length of quadrupoles 0.35 m
0.0 20. 40. 60. 80. 100. 120. 140. 160.
s (m)
δ E/ p 0c = 0 .
Table name = TWISS
Triangular 50 GeV 15mm 6T .5 percent muSR lattice for nu factory
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Figure 6: Optical Functions of Long
Straight Section Cells. Note the sup-
pressed zero on the ordinate.
0.0 50. 100. 150. 200. 250. 300. 350. 400. 450. 500. 550. 600.
s (m)
δ E/ p 0c = 0 .
Table name = TWISS
50 GeV 15mm 6T .5 percent muon storage ring lattice for nu factory













Figure 7: Normalised Divergence in the
Long Straight Section
COSY-INFINITY [12] in the FNAL design showed a reduction in the dynamic aper-
ture, caused by the fringe fields of quadrupoles in their matching insertion [13], I
doubled the lengths of the six quadrupoles Q3M and Q3MT. Tracking with COSY-
INFINITY showed that the dynamic aperture remains larger than the physical aperture
[14]. Fig. 8 shows the -functions through the matching cells. They vary smoothly be-
tween the low values in the dispersion suppressors and the high values in the long
straight section. The matching cells surrounding the long straight section for fine
adjustments of the tunes have the same geometrical layout, but the gradients of the
quadrupoles Q1MT to Q4MT are different from those of Q1M to Q4M.
4 OPTICS OF THE MUON STORAGE RING
Assembling and matching the complete muon storage ring with finite elements yields
the geometrical and optical parameters shown in Tab. 6 and the linear optical functions
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Figure 8: Optical Functions of Matching Cells
shown in Fig. 9. Tabs. 7 and 8 show the parameters of the quadrupoles and dipoles,
respectively. Because of the matching with finite elements and edge focusing, the
absolute values of the strengthsK1 of the QDA and QFA quadrupoles are not the same,
and the bending angles in the BD1 and BD2 dipoles are not equal, and not exactly one
half of that in the BA dipoles.
4.1 Chromatic Effects
Correcting the chromaticity with only two families of sextupoles in the arc cells achieves
the chromaticities shown in Fig. 10. The tune spread over three rms energy spreads is
Table 6: Parameters of the Muon Storage Ring
Length of arcs 347.808 m
Length of matching sections 228.000 m
Length of straight sections 1498.950 m
Muon decays/detector 0.2774
Circumference 2074.831 m
Revolution frequency 144490 Hz
Momentum compaction 0.00257998
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Figure 9: Optical Functions of the Muon Storage Ring
Table 7: Quadrupole Parameters
Name No. L/m K1/m−2
QFA 33 0.500 +0.603574
QDA 36 0.500 −0.596693
QFS 8 0.350 +0.0337579
QDS 6 0.350 −0.0337579
Q1M 4 1.0 +0.110848
Q2M 4 1.0 −0.0809091
Q3M 4 2.0 +0.0388587
Q4M 4 1.0 −0.0476056
QFT 4 0.350 +0.0447628
QDT 3 0.350 −0.0464925
Q1MT 2 1.0 +0.135905
Q2MT 2 1.0 −0.0853225
Q3MT 2 2.0 +0.0388150
Q4MT 2 1.0 −0.0486465
Table 8: Dipole Parameters
Name No. L/m /r
BA 48 2.911 0.10469
BD1 12 2.911 0.052327
BD2 12 2.911 0.052504
Table 9: Sextupole Parameters
Name No. L/m K2/m−3
SDA 24 0.24 −5.040708
SFA 24 0.24 +2.830460
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pretty small. Tab. 9 shows the sextupole parameters. Fig. 11 shows that the chromatic
functions −1d=d and dDx=d are pretty bad. Their extreme values are much larger
than in the arcs and the long straight sections alone. They are driven by the matching
cells, and do not change much when the sextupoles are excited.
-.0150 -.0050 .0050 .0150
δ E/ p 0 c
50 GeV 15mm 6T .5 percent muon storage ring lattice for nu factory























Figure 10: Variation of the horizontal tune Qx and of the vertical tune Qy over a
momentum spread corresponding to 3e
4.2 Tracking Results
I use two styles for tracking with MAD [7]. First, I track ten particles with initial
offsets in x and y simultaneously that correspond to 0.1, 0.2, . . . , 1.0 times the physical
aperture, and vanishing momentum error  = 0 for 1000 turns, well beyond the muon
lifetime. Rectangular collimators at all quadrupoles have half apertures equal to three
standard deviations of the local beam radius. Rectangular collimators are unphysical,
but they avoid me getting confused by losing large-amplitude particles on a collimator
early in the beam line. Figs. 12 and 13 show the results. Using the TRANSPORT and
LIE4 tracking methods, and changing the MAD fringe field definition of the dipoles
does not have much effect on the tracking results. Particle no. 10 is lost horizontally.
Particle no. 9 is lost vertically.
In my second tracking style, I launch typically 30000 particles with random initial
conditions, selected from truncated Gaussian distributions with standard deviations
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Figure 11: Chromatic functions DBX = −1x dx=d, DBY = −1y dy=d and D0x =
dDx=d of the muon storage ring. The sextupoles are not excited.
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Figure 12: Horizontal tracking results.
The physical aperture is 89 mm at the
place where the phase plots are drawn.
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Table name = TRACK
50 GeV 15mm 6T .5 percent muon storage ring lattice for nu factory



















Figure 13: Vertical tracking results. The
physical aperture is60.5 mm at the place
where the phase plots are drawn.
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related to emittances, momentum spreads, etc. I track for typically 100 turns, com-
parable to the muon lifetime, and observe various phase space projections of the final
distributions as well as the distribution of particle losses along the storage ring [15].
Figure 14: Horizontal distribution of the
28991 muons surviving after 100 turns
at the horizontally focusing quadrupole at
the entrance of the long straight section.
The horizontal aperture is 0.089 m.
Figure 15: Distribution of the muon losses
along the circumference of the storage
ring on the right axis as a function of the
turn on the left axis
Fig. 14 shows the horizontal distribution of the 28991 muons surviving after 100
turns at the horizontally focusing quadrupole at the entrance of the long straight sec-
tion. Fig. 15 shows the distribution of the 1009 muons lost along the circumference of
the storage ring as a function of the turn. Most of the losses occur during the first few
turns in the first long straight section. Losses continue to occur during later turns in the
arcs. Zimmermann’s results with both COSY INFINITY and MAD [14] also include
tracking with momentum errors and are in good agreement with my results.
5 INJECTION
The muon beam is injected into a half period of the long straight section between
two quadrupoles. The upstream quadrupole is defocusing and the downstream one is
focusing in the plane of injection. Since the muon source is most likely close to the
surface of the Earth, the most logical place for the injection system is the upstream end
of the first long straight section, pointing downwards. The first element of the injection
system proper is a septum magnet just upstream of the defocusing quadrupole. At
that quadrupole, the injected beam and the circulating beam, both with radius 3,
just touch. The aperture of this quadrupole must be large enough to take both the
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injected and the circulating beam. A full-aperture injection kicker just upstream of the
focusing quadrupole brings the injected beam onto the design orbit. The kicker field
drops to zero before the injected bunch train arrives at the kicker during its second
turn. This fall time of the kicker magnet determines the number of kicker modules;
the shorter the fall time the higher is the number of modules. Since I neglect the finite
lengths of the quadrupoles and injection kicker, its parameters, shown in Tab. 10, are
optimistic. Longer periods and higher phase advances in the long straight sections
make the injection kicker easier.
Table 10: Injection Kicker Parameters
Maximum kicker voltage 60 kV
Characteristic kicker impedance 5 Ω
Kicker fall time 1.0 s
Width of kicker aperture 177.9 mm
Height of kicker aperture 120.9 mm
Deflection angle 1.934 mr
Integrated kicker field 0.323 Tm
Length of kicker modules 2.703 m
Number of kicker modules 2
Actual kicker voltage 57.4 kV
Magnetic kicker field 0.0597 T
6 RF SYSTEM
An RF system is needed in the storage ring for two reasons, (i) to avoid the depolar-
ization due to the different rate of spin precession of the muons in the beam with an
RMS energy spread e [16], if the muons are polarized at injection, and (ii) to avoid
debunching of the muon beam which would make it unobservable with typical beam
position monitors. Tab. 11 shows the parameters of the RF system. I assume that
super-conducting LEP cavities are used. This determines the frequency. With a peak
voltage of about 100 MV the bucket height is about 3e. The bunch length s and the
bunch area A are those of bunches that would be matched to the RF bucket. Length
and area of the bunches arriving in the storage ring depend on the injectors [3]. In my
MAD data, I have installed the RF system at the downstream end of the long tuning
straight section, close to the surface of the Earth. The beam port radius of the cavi-
ties [17] is well matched to the aperture in the long tuning straight section. Figs. 16
and 17 show the distributions along the beam axis of a train of three bunches, initially
1.7 m apart, corresponding to a frequency of about 176 MHz, without and with the RF
system after 20 turns. Without the RF system, the beam is nearly debunched.
14
Table 11: Parameters of the RF System
Frequency fRF 352 MHz
Peak voltage VRF 100 MV
Harmonic number hRF 2438
Bucket height 0.0145
Synchrotron tune Qs 0.044885
RMS bunch length s 95 mm
Bunch area A = 4esE=c 1 eVs
Figure 16: Distribution of three bunches
along the beam axis without RF system af-
ter 20 turns. The abscissa is in metres.
Figure 17: Distribution of three bunches
along the beam axis with RF system after
20 turns. The abscissa is in metres.
Table 12: Fractional tunes, chromaticities and anharmonicities
Mode 1 Mode 2 Mode 3
Q1 11.280000 Q2 12.310000 Q3 0.044855
Q01 0.000000 Q02 0.000009
Q001 −7.351623 Q002 −38.434398
dQ1=dE1 20.8132
dQ1=dE2 −90.0345 dQ2=dE2 42.9659
dQ1=dE3 −0.09741678 dQ2=dE3 −0.496526 dQ3=dE3 −0.00207224
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Tab. 12 shows the chromaticities to higher order and the anharmonicities, as calcu-
lated by MAD[7] with the fringe fields in the dipoles obtained by putting FINT=0.5 and
using the vacuum chamber radius in Tab. 4 as half gap height, and no fringe fields in the
quadrupoles. They do not look particularly alarming. Zimmermann has demonstrated
[14] that fringe fields significantly change the chromaticities and anharmonicities.
7 CONCLUSIONS
The design of a muon storage ring for a neutrino factory at CERN meets the require-
ments of neutrino oscillation physics. The machine fits into the molasse layer in the
neighbourhood of CERN, provided that there are few small scale perturbations. The
modular optical design achieves a dynamic aperture larger than the physical one. The
next step should be engineering studies of the components for the arcs. They should
take into account that the arcs will be installed with significant and rapidly varying
pitch and roll angles. A procedure is in place that allows the design to be adapted
easily to changes in the engineering parameters.
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